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| think the first 40 years or so of automatic differentiation was largely

people not using it because they didn't believe such an algorithm could
possibly exist.
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Figure 1: When you got the idea



Figure 2: This is not autograd



Problem

Suppose we need to solve the following problem:

L(w) — min
weRd
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Problem

Suppose we need to solve the following problem:

L(w) — min
weRd

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).
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Problem

Suppose we need to solve the following problem:

L(w) — min
weRY

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).

® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.
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Problem

Suppose we need to solve the following problem:

L(w) — min
weRd
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d

could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.

® That is why it would be beneficial to be able to calculate the gradient vector V,,L = (B%Ll, R aaTLd)
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Problem

Suppose we need to solve the following problem:

L(w) — min
weRd
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.
® That is why it would be beneficial to be able to calculate the gradient vector V,,L = (B%Ll, R aaTLd)
® Typically, first-order methods perform much better in huge-scale optimization, while second-order methods
require too much memory.
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Example: multidimensional scaling

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RY*N _ Given this matrix, our goal is
to recover the initial coordinates W; € R?, i =1,... N.
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Example: multidimensional scaling

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RY*N _ Given this matrix, our goal is
to recover the initial coordinates W; € R?, i =1,... N.

N
2 .
L(W) = .Zl (Wi = W5 — Dij)” — Lmin
1,]=

‘f - §ny1r; Automatic differentiation 0 O


http://www.benfrederickson.com/numerical-optimization/
https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Example: multidimensional scaling

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RY*N _ Given this matrix, our goal is
to recover the initial coordinates W; € R?, i =1,...,N.

WeRN xd

N
Lw) =3 (IW: = W;l3 = Di;)* — min
i,j=1

Link to a nice visualization &, where one can see, that gradient-free methods handle this problem much slower,
especially in higher dimensions.

i Question

Is it somehow connected with PCA?
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Example: Gradient Descent without gradient

Suppose we need to solve the following problem:

L(w) — min
weRd
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Example: Gradient Descent without gradient

Suppose we need to solve the following problem:
L(w) — min
weRA

with the Gradient Descent (GD) algorithm:

Wg+1 = Wk — Czkva('LUk)
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Example: Gradient Descent without gradient

Suppose we need to solve the following problem:

L(w) — min
weRd

with the Gradient Descent (GD) algorithm:

Wg+1 = Wk — Czkva('LUk)

Is it possible to replace V., L(wy) using only zero-order
information?
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Example: Gradient Descent without gradient

Suppose we need to solve the following problem:
L(w) — min
weRA

with the Gradient Descent (GD) algorithm:

Wg+1 = Wk — Czkva('LUk)

Is it possible to replace V., L(wy) using only zero-order
information?
Yes, but at a cost.

— mi I -
‘f §ny1r; Automatic differentiation


https://scholar.harvard.edu/files/yujietang/files/slides_2019_zero-order_opt_tutorial.pdf
https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Example: Gradient Descent without gradient

Suppose we need to solve the following problem:
L(w) — min
weRA

with the Gradient Descent (GD) algorithm:

Wg+1 = Wk — Oékva('LUk)
Is it possible to replace V., L(wy) using only zero-order
information?

Yes, but at a cost.
One can consider 2-point gradient estimator? G:

w +ev) — L(w — ev)
2e
where v is spherically symmetric.

G =

v,

?l suggest a nice presentation about gradient-free methods
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Example: Gradient Descent without gradient

Suppose we need to solve the following problem:
L(w) — min
weRA

with the Gradient Descent (GD) algorithm:

Wg+1 = Wk — akaL(wk)

Is it possible to replace V., L(wy) using only zero-order
information?

Yes, but at a cost.

One can consider 2-point gradient estimator? G:

L(w + ev) — L(w — €v)
2e
where v is spherically symmetric.

G=d

v,

?l suggest a nice presentation about gradient-free methods
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Trajectories with Contour Plot
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Figure 3: “lllustration of two-point estimator of Gradient
Descent”
<
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Example: Gradient Descent without gradient

Wt+1 = Wk — axG
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Example: Gradient Descent without gradient

Wt+1 = Wk — axG

Trajectories with Contour Plot
One can also consider the idea of finite differences: —o— Gradient Descent
| =< Finite Differences Gradient Descent

; Start Point
d Optimal Point
(w+ee;) — L(w — ee;)
Z = e .
Open In Colab & -
y
o]
Z -2 0 2 2
x
Figure 4: “lllustration of finite differences estimator of Gradient
Descent”
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The curse of dimensionality for zero-order methods

min f(z)

reER™
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The curse of dimensionality for zero-order methods

min f(x)

TER™

GD: 241 = 2k — ax V f(zk) Zero order GD: xp11 = xx — arG,

where GG is a 2-point or multi-point estimator of the gradient.
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The curse of dimensionality for zero-order methods

min f(z)

TER™

GD: 241 = 2k — ax V f(zk) Zero order GD: zp11 = xx — axG,

where GG is a 2-point or multi-point estimator of the gradient.

f(z) - smooth f(z) - smooth and convex f(x) - smooth and strongly convex
1 . 1 . k
GD IVf(ze)* ~ O (E) flay) = =0 (E) ok — 2*[* =~ O ((1 - %) )
k
Zeooder  [Vi@)F~0(3) S -1 =0 (}) e —a]? ~ O (( -L£) )
GD
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Finite differences

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL _ L(w +eex) — L(w) _
8wk(w)N - 5 ekf(o,...,;&,...,())

!Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors.
Master’s Thesis (in Finnish), Univ. Helsinki, 1970.
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Finite differences

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL _ L(w +eex) — L(w) _
awk(w)"’ - 5 ekf(o,...,;&,...,())

i Question

If the time needed for one calculation of L(w) is T, what is the time needed for calculating V., L with this
approach?
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Finite differences

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL
8w k

(w) ~ K+ eer) = L(w) ex= (0,0, 1,...,0)

€

Question

If the time needed for one calculation of L(w) is T, what is the time needed for calculating V., L with this

approach?
Answer 2dT’, which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,

which means that you will have to choose between accuracy and stability.
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Finite differences

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL _ L(w +eex) — L(w) _
awk(w)"’ - 5 ekf(O,...,%,...,O)

Question

If the time needed for one calculation of L(w) is T, what is the time needed for calculating V., L with this
approach?

Answer 2dT’, which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,
which means that you will have to choose between accuracy and stability.

Theorem

There is an algorithm to compute V., L in O(T) operations. *

!Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors.
Master’s Thesis (in Finnish), Univ. Helsinki, 1970.
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Forward mode automatic differentiation
To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derivatives:

L(’LU17 ’UJ2) = w2 log w1 + /w2 lngl
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Forward mode automatic differentiation
To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derivatives:

L(’LUl7 'l,U2) = w2 log w1 + /w2 lngl

Let's draw a computational graph of this function:

L(w;,ws) = ws logwy + v/ ws logw,
Figure 5: lllustration of computation graph of primitive arithmetic operations for the function L(wi,w2)
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Forward mode automatic differentiation
To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derivatives:

L(’LUl7 'l,U2) = w2 log w1 + /w2 lngl

Let's draw a computational graph of this function:

L(w;,ws) = ws logwy + v/ ws logw,

Figure 5: lllustration of computation graph of primitive arithmetic operations for the function L(wi,w2)

Let's go from the beginning of the graph to the end and calculate the derivative ;—L
w1
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Forward mode automatic differentiation

w 811)1

()— 5w
( ) w 8w2
29 8w1

Figure 6: lllustration of forward mode automatic differentiation

Function
w1 = Wi, W2 = W2
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Forward mode automatic differentiation

(=)
e ED e B g i

( ) w 8w2
29 8w1

Figure 6: lllustration of forward mode automatic differentiation

Function Derivativea
w w
w1 = Wi, W2 = W2 71: 77220
811)1 6’11)1
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Forward mode automatic differentiation

Figure 7: lllustration of forward mode automatic differentiation
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Forward mode automatic differentiation

Figure 7: lllustration of forward mode automatic differentiation

Function
v1 = log w1
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Forward mode automatic differentiation

Figure 7: lllustration of forward mode automatic differentiation

Function Derivative
_ vy __ Ovy dwi __ 1
U1 = logwl dwi ~ Owi Owi ~ wi

— mi o -
‘f ﬁ}‘i Automatic differentiation


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Forward mode automatic differentiation

8’1)1
V1,
V2, 5—
w
8’(1)2 9 1
2 Gy
1

Figure 8: lllustration of forward mode automatic differentiation
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Forward mode automatic differentiation

Figure 8: lllustration of forward mode automatic differentiation

Function
V2 = W2V
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Forward mode automatic differentiation

()
D B Ry S

Function
V2 = W2V
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Figure 8: lllustration of forward mode automatic differentiation

Derivative
Ovy __ Ovg Ovug Ovg Ows __ dvy Qwa
dwy ~ Ov; dw; + Owg Owy w2 owq tu dwq
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Forward mode automatic differentiation

p D B g S

e R
2 8’11)1 3 awl

Figure 9: lllustration of forward mode automatic differentiation
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Forward mode automatic differentiation

p D B g S

e R
2 8’11)1 3 awl

Figure 9: lllustration of forward mode automatic differentiation

Function
V3 = /U2

‘f — min
e

Automatic differentiation
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Forward mode automatic differentiation

Function
V3 = /U2

p D B g S

e R
2 8’11)1 3 awl

Figure 9: lllustration of forward mode automatic differentiation

Derivative
dvs __ Ovg Ovy __ 1 Ova

w1 Ovg dwi 2,/va dwi
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Forward mode automatic differentiation

8’[)2

V2, 7
2 a’wl @ L oL
8’!13 811)1

811)1

Vs,

Figure 10: lllustration of forward mode automatic differentiation
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Forward mode automatic differentiation

8’[)2

V2, 7
2 a’wl @ L oL
8’!13 811)1

811)1

Vs,

Figure 10: lllustration of forward mode automatic differentiation

Function
L =wvy 4 v3
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Forward mode automatic differentiation

8’[)2

Vo, —
2 8’11)1 @ L oL
8’1}3 811)1

811)1

Vs,

Figure 10: lllustration of forward mode automatic differentiation

Function Derivative
_ OL __ 8L Ova OL Ovz __ 1 Ova dvs
L =vz +vs Owy ~ Ova dwy dvz dwy 1611)1 + 18w1
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oL

Make the similar computations for 5
W2

L(wi, we) = wylogw; + /w2 logw;

Figure 11: lllustration of computation graph of primitive arithmetic operations for the function L(w1,ws2)
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Forward mode automatic differentiation example

(=)
e ED e B g i

( ) w 8w2
29 8w2

Figure 12: Illustration of forward mode automatic differentiation

Function Derivativea
w w
w1 = Wi, W2 = W2 71: 772:1
811)2 6’!1)2
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Forward mode automatic differentiation example

Figure 13: Illustration of forward mode automatic differentiation

Function Derivative
_ Ovy _ Ovy dwa __ .
v1 = logwl dws ~ Owsz dws 0-1
‘fﬁ}fﬂ.}‘; Automatic differentiation
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Forward mode automatic differentiation example

o D B Ry S

8’1)1
V1,
8w2 @ 8U2
V2,
w
8’[1)2 9 2
W2, o——
3w2
Figure 14: Illustration of forward mode automatic differentiation
Function Derivative
_ Ovy __ Ovg Ovug Ovg Ows __ vy dwo
V2 = w21 dws ~ Ovy Owgy dwg Owg w2 Owag + v dwa
‘f - 510;!; Automatic differentiation
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Forward mode automatic differentiation example

p D B g S

i CRNT el
2 8w2 3 8’11)2

Figure 15: lllustration of forward mode automatic differentiation

Function Derivative
'U3:\/E Ovz __ Ovz Ovy __ 1

dvag
Owso Ovo Owa ~ 2,/va Ows
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Forward mode automatic differentiation example

8112

V2, 7
8’1}3 311)2

011) 2

U3,

Figure 16: lllustration of forward mode automatic differentiation

Function Derivative
_ OL __ 8L Ova OL Ovz __ 1 Ova dvs
L =vz +vs Owo ~ Ovy dwa + Jvs Owg 1611)2 + 18w2
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Forward mode automatic differentiation algorithm
Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to some input variable wy,

UN

8wk
with respect to the input variable from start to end, that

is why we can introduce the notation:

i.e. . This idea implies propagation of the gradient
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Forward mode automatic differentiation algorithm
Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to some input variable wy,

UN

8wk
with respect to the input variable from start to end, that

is why we can introduce the notation:

i.e. . This idea implies propagation of the gradient

— Bvi
Vi =
awk
oz
1
Bwk
. v = (@1, ..., Ly;)
Z 9
2 Owy,
o Bv; i dv; Ox;
t; = —
Ty, ' Owy, =i Oz; dwy,

Figure 17: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy.
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N]. ® Fori=1,...

Our goal is to calculate the derivative of the output of
this graph with respect to some input variable wy,
a’UN

8wk
with respect to the input variable from start to end, that

is why we can introduce the notation:

i.e. . This idea implies propagation of the gradient

— Bvi
Vi =
awk
oz
1
Bwk
. v = (@1, ..., Ly;)
Z 9
2 Owy,
o Bv; i dv; Ox;
t; = —
Ty, ' Owy, =i Oz; dwy,

Figure 17: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy.
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N]. ® Fori=1,...,N:

Our goal is to calculate the derivative of the output of ¢ Compute v; as a function of its parents (inputs)
this graph with respect to some input variable wy, ELyeeen Tty

. Ov o . . ;= vi(x1,.. ., T,

i.e. =— . This idea implies propagation of the gradient vi = vi(@1,. . 2n)

8wk
with respect to the input variable from start to end, that

is why we can introduce the notation:

— Bvi
Vi =
awk
oz
1
Bwk
. v = (@1, ..., Ly;)
Z 9
2 Owy,
o Bv; i dv; Ox;
t; = —
Ty, ' Owy, =i Oz; dwy,

Figure 17: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy.
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Forward mode automatic differentiation
Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to some input variable wy,
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8wk
with respect to the input variable from start to end, that

is why we can introduce the notation:

i.e. . This idea implies propagation of the gradient

— Bvi
Vi =
awk
oz
1
Bwk
. v; = vi(21,.. ., ;)
T2,
2 Owy,
o Bv; i dv; Ox;
t; = —
5 B Owy, =i Oz; dwy,

Figure 17: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy.
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Automatic differentiation

algorithm
® Fori=1,...,N:

® Compute v; as a function of its parents (inputs)

Ty .e., T,

i
v = vi(x1,...,T¢;)

® Compute the derivative v; using the forward chain
rule:

ti
Ov; Oz

L Oxj Owy,
j=1

v =
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derivative of the function L with respect to wy.
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N]. ® Fori=1,...,N:

Our goal is to calculate the derivative of the output of ¢ Compute v; as a function of its parents (inputs)
this graph with respect to some input variable wy, ELyeeen Tty

. Ov o . . ;= vi(x1,.. ., T,

i.e. = This idea implies propagation of the gradient vi = vi(@1,. . 2n)

Bwk

. . . ® Compute the derivative v; using the forward chain
with respect to the input variable from start to end, that P ‘ &

rule:

is why we can introduce the notation: ti
_ Ov; Oz
V] = —
_ 0y b L 0wy Oy,
U; = Jj=1
awk
Note, that this approach does not require storing all
) intermediate computations, but one can see, that for
L1 oL
Y Buy, calculating the derivative —— we need O(T) operations.
Oy v = (@1, ..., Ly;) Owg
2 e This means, that for the whole gradient, we need dO(T)
. A, L gy, Ox; operations, which is the same as for finite differences, but
t,1Wt; O O we do not have stability issues, or inaccuracies now (the

formulas above are exact).

Figure 17: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy.
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There 1S another



Backward mode automatic differentiation

We will consider the same function with a computational graph:

L(wl, ’IUQ) = wsq logwy + v/ ws log wy

()
o HD e B e D S

Figure 18: lllustration of computation graph of primitive arithmetic operations for the function L(w1,w2)
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Backward mode automatic differentiation

We will consider the same function with a computational graph:

L(wl, ’wz) = wsq logwy + v/ ws log wy

()
o HD e B e D S

Figure 18: lllustration of computation graph of primitive arithmetic operations for the function L(w1,w2)

Assume, that we have some values of the parameters wi, w2 and we have already performed a forward pass
(i.e. single propagation through the computational graph from left to right). Suppose, also, that we somehow saved

all intermediate values of v;. Let’s go from the end of the graph to the beginning and calculate the derivatives
oL OL

611)1787102-
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Backward mode automatic differentiation example

e D D R Dy S

Tl —Cwrw

Figure 19: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

e D D R Dy S

Tl —Cwrw

Figure 19: lllustration of backward mode automatic differentiation

Derivatives
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Backward mode automatic differentiation example

e D D R Dy S

Tl —Cwrw

Figure 19: lllustration of backward mode automatic differentiation

Derivatives

oL
oL ~
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Backward mode automatic differentiation example
®
c’)vg oL

Figure 20: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example
®
c’)vg oL

Figure 20: lllustration of backward mode automatic differentiation

Derivatives
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Backward mode automatic differentiation example
®
c’)vg oL

Figure 20: lllustration of backward mode automatic differentiation

Derivatives
oL _oLor
8’03 - 8L 82)3
oL
= 871
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Backward mode automatic differentiation example
oL
2t
6’02 \ oL
oL

Figure 21: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

)
o HD e B g =

or
oL / Ovs
2 " 9L

oL

Figure 21: lllustration of backward mode automatic differentiation

Derivatives
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Backward mode automatic differentiation example

@
N > - -G
L >

Figure 21: lllustration of backward mode automatic differentiation

8’03

6L

Derivatives
OL _ 9L ov 9L OL
(9’02 o 81}3 (9’1)2 BL 81)2
oL 1 oL

= vy 0L
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Backward mode automatic differentiation example
oL oL
T CRTDee

Figure 22: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example
oL oL
T CRTDee

Figure 22: lllustration of backward mode automatic differentiation

Derivatives
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Backward mode automatic differentiation example
oL oL
T CRTDee

Figure 22: lllustration of backward mode automatic differentiation

Derivatives
OL _ 0L dva
81}1 o 8112 81}1
_ oL
- (9112 w2
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Backward mode automatic differentiation example

‘f — min
Tz

Automatic differentiation

Dy B e S

oL
81)1

oL

8w1 : :
OL ( > 0L

8102 (9_’02

Figure 23: lllustration of backward mode automatic differentiation


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Backward mode automatic differentiation example

Derivatives

‘f — min
e

Automatic differentiation

Dy B e S

oL
81)1

oL

8w1 : :
oL : ) oL

8102 (9_’02

Figure 23: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

()
p Dy B e S

oL
81)1

8w1 : :
oL : ) oL

8102 (9_’02

Figure 23: lllustration of backward mode automatic differentiation

Derivatives

OL _ 0L ow _ 9L 1 OL _ 0L dvs _ 0L
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Backward (reverse) mode automatic differentiation

i Question

Note, that for the same price of computations as it was in the forward mode we have the full vector of gradient
VwL. lIs it a free lunch? What is the cost of acceleration?
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Backward (reverse) mode automatic differentiation

i Question

Note, that for the same price of computations as it was in the forward mode we have the full vector of gradient
VwL. lIs it a free lunch? What is the cost of acceleration?

Answer Note, that for using the reverse mode AD you need to store all intermediate computations from the
forward pass. This problem could be somehow mitigated with the gradient checkpointing approach, which
involves necessary recomputations of some intermediate values. This could significantly reduce the memory
footprint of the large machine-learning model.
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to all inputs variable w,

T
i.e. Vyon = (gzj‘l’ R gfyﬁ) . This idea implies

propagation of the gradient of the function with respect
to the intermediate variables from the end to the origin,
that is why we can introduce the notation:

= 8L o 8’01\7
T 81)1' o 6vi

Memory: vy oL

0z;
oL

oL & Oy

oL
B,

Figure 24: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.
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‘f fnm Automatic differentiation

* FORWARD PASS
Fori=1,...,N:
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to all inputs variable w,

T
i.e. Vyon = (gzj‘l’ R gfyﬁ) . This idea implies

propagation of the gradient of the function with respect
to the intermediate variables from the end to the origin,
that is why we can introduce the notation:

= 8L o 8’01\7
T 81)1' o 6vi

Memory: vy oL

0z;
oL

‘. 0L Oz; Oz
0.

oL
B,

Figure 24: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.

— mi o -
‘f fnm Automatic differentiation

* FORWARD PASS
Fori=1,...,N:

® Compute and store the values of v; as a function of

its parents (inputs)
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to all inputs variable w,

T
i.e. Vyon = (gzj\l’ R gfyﬁ) . This idea implies

propagation of the gradient of the function with respect
to the intermediate variables from the end to the origin,
that is why we can introduce the notation:

= 8L o 8’01\7
v 81)1' - 6%-

Memory: vy oL

0z;
oL

oL ﬁ Oy

oL
B,

Figure 24: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.
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* FORWARD PASS
Fori=1,...,N:

® Compute and store the values of v; as a function of

its parents (inputs)
* BACKWARD PASS
Fori=N,...

, 1
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Reverse mode automatic differentiation algorlthm

Suppose, we have a computational graph v;,¢ € [1; N].
Our goal is to calculate the derivative of the output of
this graph with respect to all inputs variable w,

. _ [ ovn ov N
i.e. Vyuny = (aw1 S By

propagation of the gradient of the function with respect
to the intermediate variables from the end to the origin,
that is why we can introduce the notation:

T
. This idea implies

= 8L o 8’01\7
v 81)1' - 6%-

Memory: vy

oL
oz

oL ﬁ Oy

B,

Figure 24: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.

‘f — min
Tz

Automatic differentiation

* FORWARD PASS
Fori=1,...,N:
® Compute and store the values of v; as a function of
its parents (inputs)
e BACKWARD PASS
Fori=N,...,1:
® Compute the derivative v; using the backward chain
rule and information from all of its children
(outputs) (z1,...,@¢;):

o OL Ozx;
vi = 81)2 Z Ox; Ov;
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Choose your fighter

Figure 25: Which mode would you choose for
calculating gradients there?

i Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian

ata
awj i

OO E
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Choose your fighter

Figure 25: Which mode would you choose for
calculating gradients there?

Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian

ata
awj i

Answer Note, that the reverse mode computational time is
proportional to the number of outputs here, while the forward mode
works proportionally to the number of inputs there. This is why it
would be a good idea to consider the forward mode AD.

HOOOE
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Choose your fighter

Comparison of Forward Mode and Reverse Mode AD. f(x) = Ax

10°3 —— Forward Mode AD
—— Reverse Mode AD

,_.

=)
&
"

._.

2
L
;

Time for V,f calculation, (seconds)

,_.

1)
&
"

1072 107t 10° 10t 102
Ratio m/n

Figure 26: & This graph nicely illustrates the idea of choice between the modes. The n = 100 dimension is fixed and the
graph presents the time needed for Jacobian calculation w.r.t. x for f(z) = Az
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Choose your fighter

Figure 27: Which mode would you choose for
calculating gradients there?

i Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian

oL;

J =
8wj i

Note, that G is an arbitrary computational

graph
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Choose your fighter

Figure 27: Which mode would you choose for
calculating gradients there?

‘f — min
e

Automatic differentiation

Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian
oL;
J =
8wj i

Note, that G is an arbitrary computational
graph

Answer It is generally impossible to say it without some knowledge
about the specific structure of the graph GG. Note, that there are also
plenty of advanced approaches to mix forward and reverse mode AD,
based on the specific G structure.
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Feedforward Architecture
FORWARD

® o = x typically we have a batch of data
x here as an input.

BACKWARD

— mi I -
‘f Pay"; Automatic differentiation

Weights e @ @
OO O O OO

b X ny bxng Ng_1 X Ng

Figure 28: Feedforward neural network architecture
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Feedforward Architecture
FORWARD
Weights e @

® o = x typically we have a batch of data

x here as an input. Input a ° e @ o a
® Fork=1,...,t—1,t

Uk = Vk-1 Wi,
b X ny bxng Ng_1 X Ng
BACKWARD Figure 28: Feedforward neural network architecture

‘f - 5“;"; Automatic differentiation 0 O 20


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Feedforward Architecture

FORWARD .
* vy = z typically we have a batch of data " eiehts e @ @

x here as an input. Input a ° e @ o °
® Fork=1,...,t—1,t

® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the

Vg, = Vk—1 . Wi
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data. b X ng b X ngy Nko1 X N
BACKWARD

Figure 28: Feedforward neural network architecture
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Feedforward Architecture

FORWARD .
* vy = z typically we have a batch of data " eiehts e @ @

x here as an input. Input a ° e @ o °
® Fork=1,...,t—1,t

® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data. b X ng b X ngy Nko1 X N
® L = L(v¢) - calculate the loss function.
BACKWARD

Figure 28: Feedforward neural network architecture
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Feedforward Architecture

FORWARD .
* vy = z typically we have a batch of data " eiehts e @ @

x here as an input. Input a ° e @ o °
® Fork=1,...,t—1,t

® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the

. . Uk = Vk—1 Wi,
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data. bx ng b X mj1 Nk X N
® L = L(v¢) - calculate the loss function.
BACKWARD Figure 28: Feedforward neural network architecture
° Vi1 = L, ﬁ =1
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Feedforward Architecture
FORWARD
Weights ° @

® o = x typically we have a batch of data

x here as an input. Input a ° e @ o °
® Fork=1,...,t—1,t

® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the

. . Uk = Vk—1 Wi,
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data. bxng b X mj1 Nk X N
® L = L(v¢) - calculate the loss function.
BACKWARD Figure 28: Feedforward neural network architecture
® Vi1 = L,—=1

® Fork=t,t—1,...,1:
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Feedforward Architecture
FORWARD
® o = x typically we have a batch of data
x here as an input.
® Fork=1,...,t—1,t
® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data.
® L = L(v¢) - calculate the loss function.
BACKWARD

° ’Ut+1:L,7:1
® Fork=t,t—1,...,1:
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Automatic differentiation
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Figure 28: Feedforward neural network architecture
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Feedforward Architecture
FORWARD
® o = x typically we have a batch of data
x here as an input.
® Fork=1,...,t—1,t
® v = o(vg—1wg). Note, that practically
speaking the data has dimension
x € Rb*?, where b is the batch size (for
the single data point b = 1). While the
weight matrix wy of a k layer has a
shape ng_1 X ny, where ng is the
dimension of an inner representation of
the data.
® L = L(v¢) - calculate the loss function.
BACKWARD
® Vip1 = L’ — =1
® Fork=t,t—1,...,1:
° 87[1 _ oL 8’L}k+1
vy Ovgy1  Ovg

bXng  bXngyMk41 XNk
OL _ oL 8Uk+1
Qwy, - OV 41 Owy

bXnp_1-np bXnpyy Mk41XNEp—1"Nk
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e

Automatic differentiation

Weishts ° @ @
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b X ny bxng Ng_1 X Ny

Figure 28: Feedforward neural network architecture
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Gradient propagation through the linear least squares

Suppose, we have an invertible matrix A and a vector b, the vector x
is the solution of the linear system Ax = b, namely one can write

down an analytical solution z = A™'b, in this example we will show,
OL OL OL
OA’ b’ dx'

costs approximately the same as the forward pass.

that computing all derivatives i.e. the backward pass,

oL _
b

2

Figure 29: = could be found as a solution of linear
system

lf%ﬁ}‘i Automatic differentiation D0 O 21
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Gradient propagation through the linear least squares

Suppose, we have an invertible matrix A and a vector b, the vector x
is the solution of the linear system Ax = b, namely one can write

down an analytical solution z = A™'b, in this example we will show,
oL OL 0L
) OA’ b’ dx'
costs approximately the same as the forward pass.

It is known, that the differential of the function does not depend on
the parametrization:

oL oL oL
ar= (5 dn) = (57.dA) + (57 )

that computing all derivatives i.e. the backward pass,

oL _
b

2

Figure 29: = could be found as a solution of linear
system
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Gradient propagation through the linear least squares

Suppose, we have an invertible matrix A and a vector b, the vector x

oL
A= is the solution of the linear system Ax = b, namely one can write
down an analytical solution z = A™'b, in this example we will show,
OL OL OL

that computing all derivatives i.e. the backward pass,

A e RV . 877%’87’
costs approximately the same as the forward pass.
It is known, that the differential of the function does not depend on

the parametrization:

oL oL oL
ar= (5 dn) = (57.dA) + (57 )

Given the linear system, we have:

9L _,
ob
Az =b
Figure 29: = could be found as a solution of linear |
system dAz + Adx = db — dz = A™ " (db — dAx)
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Gradient propagation through the linear least squares

<%,A’l(db7 dAm)> - <

A e R

oL _
b

?

Figure 30: = could be found as a solution of linear
system
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The straightforward substitution gives us:
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22


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Gradient propagation through the linear least squares

The straightforward substitution gives us:

oL 4o (0L o
<%,A (dbfdAm)>_<8A,dA>+<ab,db>

(a7 e aa) + (4775 ) = (504) + (5 )

oL _
b

?

Figure 30: = could be found as a solution of linear
system
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Gradient propagation through the linear least squares
The straightforward substitution gives us:

0A’

<—A’Tg—];mT,dA> n <A’Tg—i,db> - <

Therefore:

oL _ 0L r OL _

9A or" b

oL _
b

?

Figure 30: = could be found as a solution of linear
system
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Gradient propagation through the linear least squares

The straightforward substitution gives us:

oL 4o (0L o
<%,A (dbfdAm)>_<8A,dA>+<ab,db>

(a7 e aa) + (4775 ) = (504) + (5 )

Therefore:

oL _ _,—rdL r OL _ , 1L

A or" b O

Z_i —7 It is interesting, that the most computationally intensive part here is
the matrix inverse, which is the same as for the forward pass.
Figure 30: 2 could be found as a solution of linear S0metimes it is even possible to store the result itself, which makes

2

system the backward pass even cheaper.
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Gradient propagation through the SVD

Suppose, we have the rectangular matrix W € R™*™, which has a singular value
decomposition:

wW=usv', U'U=1, V'V=I, S=dago,...,0minimn))

R=tx(%)
1. Similarly to the previous example:

w=uxv"
dW = dUusvT + UdsvT + Usdv”
Urawv =Udusv'v + UTudsvTv + UTusavTv
UTawVv = U"dUS + ds + 2dVTV
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Gradient propagation through the SVD

2. Note, that UTU =T — dUTU + UTdU = 0. But also dUTU = (UTdU)7,
which actually involves, that the matrix UZdU is antisymmetric:

WTdnT +UTdU =0 —  diag(UTdU) = (0,...,0)

@ The same logic could be applied to the matrix V' and

diag(dV™V) = (0,...,0)

()
N
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Gradient propagation through the SVD

2. Note, that UTU =T — dUTU + UTdU = 0. But also dUTU = (UTdU)7,
which actually involves, that the matrix UZdU is antisymmetric:

WTdnT +UTdU =0 —  diag(UTdU) = (0,...,0)

@ The same logic could be applied to the matrix V' and

diag(dV™V) = (0,...,0)

3. At the same time, the matrix dX is diagonal, which means (look at the 1.)
that

()
N

diag(UTdWV) = d%

Here on both sides, we have diagonal matrices.
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Gradient propagation through the SVD

4. Now, we can decompose the differential of the loss function as a function of
3. - such problems arise in ML problems, where we need to restrict the
matrix rank:

_/OL . T
f<8—2,d|ag(U dWV)>

()
N

oL .
=tr <8Z diag(U dWV))
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Gradient propagation through the SVD

5. As soon as we have diagonal matrices inside the product, the trace of the

R =tx(%)

oL7T T
dL = tr (82 diag(U dWV))

OLT -
<az U dWV>

oL

<a§ U dWV>
oL .

(o2

‘f - W;rﬁ Automatic differentiation 0 O

diagonal part of the matrix will be equal to the trace of the whole matrix:
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Gradient propagation through the SVD

6. Finally, using another parametrization of the differential

oL _ ¢ /0L
UV W) = (W)

()
N

OL
ow 0%

— mi I -
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This nice result allows us to connect the gradients —— and ——.
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Hessian vector product without the Hessian

When you need some information about the curvature of the function you usually need to work with the hessian.
However, when the dimension of the problem is large it is challenging. For a scalar-valued function f : R™ — R, the
Hessian at a point 2 € R" is written as V2 f(z). A Hessian-vector product function is then able to evaluate

v V() v
for any vector v € R™. We have to use the identity
Vi f(z)o = V[z = Vf(z) - 0] = Vg(a),

where g(x) = Vf(x)T - v is a new vector-valued function that dots the gradient of f at 2 with the vector v.

import jax.numpy as jnp

def hvp(f, x, v):
return grad(lambda x: jnp.vdot(grad(f)(x), v)) (x)
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Hutchinson Trace Estimation 2

This example illustrates the estimation the Hessian trace of a neural network using Hutchinson's method, which is an
algorithm to obtain such an estimate from matrix-vector products:

Let X € R¥ and v € R? be a random vector such that E[vv”] = I. Then,

v
1
Tr(X) = E[v” Xv] = v v X, . -

=1

107
Number of Samples

Figure 31: Source

ffA stochastic estimator of the trace of the influence matrix for Laplacian smoothing splines - M.F. Hutchinson, 1990
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Activation checkpointing

The animated visualization of the above approaches €)

An example of using a gradient checkpointing
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What automatic differentiation (AD) is NOT:

® AD is not a finite differences

‘f — min
e

Automatic differentiation

DIFFERENTIAT iON
STABLE
SYMBOL{C AUTOMATIC
sLow FAST
‘ MANWAL &
MVUMERIC AL i PrACTIORD
UNSTABLE

Figure 32: Different approaches for taking derivatives
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® AD is not a finite differences
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What automatic differentiation (AD) is NOT:

® AD is not a finite differences

e AD is not a symbolic derivative D]FF ERENT|AT iON
® AD is not just the chain rule STABLE
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Figure 32: Different approaches for taking derivatives
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AD is not a finite differences
AD is not a symbolic derivative
AD is not just the chain rule
AD is not just backpropagation
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What automatic differentiation (AD) is NOT:

AD is not a finite differences

AD is not a symbolic derivative

AD is not just the chain rule

AD is not just backpropagation

AD (reverse mode) is time-efficient and

numerically stable
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What automatic differentiation (AD) is NOT:

AD is not a finite differences

AD is not a symbolic derivative

AD is not just the chain rule

AD is not just backpropagation

AD (reverse mode) is time-efficient and

numerically stable

® AD (reverse mode) is memory inefficient
(you need to store all intermediate
computations from the forward pass).
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Code

Open In

‘f — min
Tz

Colab &

Automatic differentiation
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