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Affine set

Suppose 1, T2 are two points in R*. Then
the line passing through them is defined as
follows:

z=0zx1+ (1 —0)z2,0 €R

The set A is called affine if for any x1, x5
from A the line passing through them also lies
in A, ie.

L1

VO € R,Vx1,22 € A: 0x1 4+ (1 —0)xz2 € A

Example 0 — ]-

® R" is an affine set.
Figure 1: lllustration of a line between two vectors 1 and z2

lf%?“}‘i Convex sets 00


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Affine set

Suppose 1, T2 are two points in R*. Then
the line passing through them is defined as
follows:

z=0zx1+ (1 —0)z2,0 €R

The set A is called affine if for any x1, x5
from A the line passing through them also lies
in A, ie.

VO € R,Vx1,22 € A: 0x1 4+ (1 —0)xz2 € A

Example
® R" is an affine set.

® The set of solutions {z | Az = b}
is also an affine set.

— min
‘f Tz Convex sets

L1

Figure 1: lllustration of a line between two vectors 1 and z2
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Cone
A non-empty set S is called a cone, if:

VeeS, 0>0 — OxeS

For any point in cone it also contains beam fL' 2
. . A
through this point.

— min
‘f Tz Convex sets

Figure 2: lllustration of a cone
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Convex cone
The set S is called a convex cone, if:

Vi, 22 €8, 01,00 >0 — 6O1x1+60222 €S

Convex cone is just like cone, but it is also
convex.

Example

e R"

Convex cone: set that contains all conic
combinations of points in the set

— min
‘f Tz Convex sets

\ 4

Figure 3: lllustration of a convex cone

0
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Convex cone
The set S is called a convex cone, if:

Vi, 22 €8, 01,00 >0 — 6O1x1+60222 €S

Convex cone is just like cone, but it is also
convex.

Example

e R"
® Affine sets, containing 0

Convex cone: set that contains all conic
combinations of points in the set

— min
‘f Tz Convex sets

L2

\ 4

Figure 3: lllustration of a convex cone
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Convex cone
The set S is called a convex cone, if:
\V/LE1,.T2 (S S, 91,92 >0 — bix1+6220€ S

Convex cone is just like cone, but it is also
convex.

Example
e R"

® Affine sets, containing 0
® Ray

Convex cone: set that contains all conic
combinations of points in the set

— min
‘f Tz Convex sets

Figure 3: lllustration of a convex cone

\ 4
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Convex cone
The set S is called a convex cone, if:

Vi, 22 €8, 01,00 >0 — 6O1x1+60222 €S

Convex cone is just like cone, but it is also
convex.

Example

Rn

Affine sets, containing 0

Ray

S’ - the set of symmetric positive
semi-definite matrices

Convex cone: set that contains all conic
combinations of points in the set

— min
‘f Tz Convex sets

w21\

\ 4

Figure 3: lllustration of a convex cone

0
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Line segment
Suppose z1, 2 are two points in R"™.

Then the line segment between them is
defined as follows:

z=0x1+ (1 —0)x2, 0 €[0,1]

Convex set contains line segment between any
two points in the set.

‘f - 5“;‘; Convex sets @0
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Convex set

The set S is called convex if for any x1,z2 from S the line segment between

them also lies in S, i.e.
Example

Vo € [0,1], Vz1,22 € 5:0 1-0)xz2 €8
0,1], Va1, 22 21+ ( o2 An empty set and a set from

a single vector are convex by
definition.
Example

Any affine set, a ray, a line

segment - they all are convex
sets.

Figure 5: Top: examples of convex sets. Bottom: examples of non-convex sets.

‘f%?]ﬂ Convex sets 00
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Convex combination

Let x1,x2,...,xx € S, then the point 0121 + 0222 + ... + Orxk is called the convex combination of points
k
T1,X2,...,Tk if 291 =1, 6, >0.
i=1

‘f - ;nylr; Convex sets @ 0O
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Convex hull
The set of all convex combinations of points from S is called the convex hull of the set S.

k k
COIIV(S) = Ze,l‘l | xTi € S,ZGI =1, 6; >0
=1 =1

® The set conv(S) is the smallest convex set containing S.

O

R 7 min Figure 6: Top: convex hulls of the convex sets. Bottom: convex hull of the non-convex sets.

Convex sets
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Convex hull
The set of all convex combinations of points from S is called the convex hull of the set S.

k k
COIIV(S) = Ze,l‘l | xTi € S,ZGI =1, 6; >0
=1 =1

® The set conv(S) is the smallest convex set containing S.
® The set S is convex if and only if S = conv(

oa

R 7 min Figure 6: Top: convex hulls of the convex sets. Bottom: convex hull of the non-convex sets.

Convex sets
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Minkowski addition

The Minkowski sum of two sets of vectors S1 and Sz in Euclidean space is formed by adding each vector in S; to
each vector in Ss.

S1+4 S2 = {s1 +s2|s1 € 51, s2 € Sa}

Similarly, one can define a linear combination of the sets.

Example
We will work in the R? space. Let's define: zy Z5
S i={zeR®:az]+a3 <1}
This is a unit circle centered at the origin. And: @1 T3 N T
Syi={zeR":—4<z, <-1,-3< 2, < -1}
This represents a rectangle. The sum of the sets S; and S2 will
form an enlarged rectangle S2 with rounded corners. The Figure 7: S = S1 4+ 52

resulting set will be convex.

‘f% 5“;‘; Convex sets 00
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Finding convexity

In practice, it is very important to understand whether a specific set is convex or not. Two approaches are used for
this depending on the context.

® By definition.

‘fﬁ}fﬂ.}‘; Convex sets 0 O 10
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Finding convexity

In practice, it is very important to understand whether a specific set is convex or not. Two approaches are used for
this depending on the context.

® By definition.
® Show that S is derived from simple convex sets using operations that preserve convexity.

‘f% 5“.}‘; Convex sets 0 O 10
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Finding convexity by definition

1,22 €5, 0<0<1 — 9$1+(1—9)JJ2€S

1 Example

Prove, that ball in R™ (i.e. the following set {x | ||x — x| < r}) - is convex.

— min
‘f Tz Convex sets
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Exercises

Which of the sets are convex:

® Stripe, {z €R" |a<a'z < B}

— min
‘f Tz Convex sets
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Exercises

Which of the sets are convex:

® Stripe, {z €R" |a<a'z < B} o
® Rectangle, {x e R" | o < z; < B;,i = 1,n}

— min
‘f Tz Convex sets
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Exercises

Which of the sets are convex:

® Stripe, {z €eR" |a < a'z < 8} o
® Rectangle, {x e R" | a; < z; < B;,i = 1,n}
® Kleen, {x € R" | a] x < bi,a3 = < by}

— min
‘f Tz Convex sets
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Exercises

Which of the sets are convex:

® Stripe, {z €R" |a<a'z < B}

® Rectangle, {z € R" |a; < x; < B;,1 = 1,n}

® Kleen, {x € R" | a] x < bi,a3 = < by}

® A set of points closer to a given point than a given set that does not contain a point,
{z e R" | |lz — zoll2 < [lz —yll2, Yy € S CR"}

— min
‘f Tz Convex sets
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Exercises

Which of the sets are convex:

Stripe, {z €R" |a < a'z < B}

Rectangle, {z € R" | o; < x; < B;,1 = 1,n}

Kleen, {z € R™ | af z < bi,ad x < ba}

A set of points closer to a given point than a given set that does not contain a point,

{z e R" | |lz —zoll2 < [l —yll2, Yy € S SR}

A set of points, which are closer to one set than another, {x € R" | dist(z, S) < dist(z,T),5,T C R"}

‘f% fnﬂ Convex sets 0 O


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Exercises

Which of the sets are convex:

Stripe, {z €R" |a < a'z < B}

Rectangle, {z € R" | o; < x; < B;,1 = 1,n}

Kleen, {z € R™ | af z < bi,ad x < ba}

A set of points closer to a given point than a given set that does not contain a point,

{z € R" | [lx — molls < [l —yll2,Vy € S S R™}

A set of points, which are closer to one set than another, {x € R" | dist(z, S) < dist(z,T),5,T C R"}
A set of points, {z € R" | z + X C S}, where S C R" is convex and X C R" is arbitrary.

‘f% fnﬂ Convex sets 0 O
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Exercises

Which of the sets are convex:

Stripe, {z €R" |a < a'z < B}

Rectangle, {z € R" | o; < x; < B;,1 = 1,n}

Kleen, {z € R™ | af z < bi,ad x < ba}

A set of points closer to a given point than a given set that does not contain a point,

{z e R" | |lz —zoll2 < [l —yll2, Yy € S SR}

A set of points, which are closer to one set than another, {x € R" | dist(z, S) < dist(z,T),5,T C R"}

® A set of points, {z € R" | z + X C S}, where S C R" is convex and X C R" is arbitrary.

A set of points whose distance to a given point does not exceed a certain part of the distance to another given
point is {x € R" | ||l — all2 < 0|z — b|]2,a,b € R",0 < 1}

‘f% 5“.}‘; Convex sets 0 O 12
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Operations, that preserve convexity

The linear combination of convex sets is convex Let there be 2 convex sets S;, Sy, let the set

S={s|s=cz+coy, € Sz, yE€ Sy, c1,c2 € R}

Take two points from S: s1 = ciz1 + c2y1, S2 = c1x2 + c2y2 and prove that the segment between them
0s1 + (1 —0)s2,0 € [0,1] also belongs to S

0s1+ (1 —60)s2
O(crizr + coy1) + (1 — 0)(c1za + c2y2)
c1(0x1 + (1 — 0)z2) + c2(0y1 + (1 — 0)y2)
cazr+cye S

‘f - §“}‘§ Convex sets Q0
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The intersection of any (!) number of convex sets is convex

If the desired intersection is empty or contains one point, the property is proved by definition. Otherwise, take 2
points and a segment between them. These points must lie in all intersecting sets, and since they are all convex, the
segment between them lies in all sets and, therefore, in their intersection.

x\
S

A

v

) Figure 8: Intersection of halfplanes
‘fﬁ}fnﬂ Convex sets g P 0 O 14
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The image of the convex set under affine mapping is convex

S CR" convex — f(S)={f(z) |z €S} convex (f(z)=Az+Db)

Examples of affine functions: extension, projection, transposition, set of solutions of linear matrix inequality
{z|z141+ ...+ zmAn <X B}. Here A;, B € S? are symmetric matrices p X p.

Note also that the prototype of the convex set under affine mapping is also convex.

S CR™ convex — f'(S) ={z € R" | f(x) € S} convex (f(x)= Az +b)

— min
‘f Tz Convex sets
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Example

Let = € R is a random variable with a given probability distribution of P(z = a;) = p;, where i =1,...,n, and
a1 < ...< an. Itis said that the probability vector of outcomes of p € R™ belongs to the probabilistic simplex, i.e.

P={p|1"p=1p=0}={p|pr+...+pn=1,p; >0},

Determine if the following sets of p are convex:

°* Plz>a)<p

‘f% EHA}‘; Convex sets 0 O
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Example

Let = € R is a random variable with a given probability distribution of P(z = a;) = p;, where i =1,...,n, and
a1 < ...< an. Itis said that the probability vector of outcomes of p € R™ belongs to the probabilistic simplex, i.e.

P={p|1"p=1p=0}={p|pr+...+pn=1,p; >0},

Determine if the following sets of p are convex:

°* Plz>a)<p
* E|2%%!| < aF|z]

‘f% fnﬂ Convex sets 0 O
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Example

Let = € R is a random variable with a given probability distribution of P(z = a;) = p;, where i =1,...,n, and
a1 < ...< an. Itis said that the probability vector of outcomes of p € R™ belongs to the probabilistic simplex, i.e.

P={p|1"p=1p=0}={p|pr+...+pn=1,p; >0},

Determine if the following sets of p are convex:

°* Plz>a)<p
* E|2%%!| < aF|z]
* Elz?| > aVz >«

‘f% fnﬂ Convex sets 0 O
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Jensen’s inequality
The function f(x), which is

defined on the convex set

S C R", is called convex on S, if: f(w)“ Non COHVGX

fOz1+(1=A)z2) < Af(21)+(1-A

for any 21,22 € Sand 0 < A < 1.
If the above inequality holds as
strict inequality 1 # x2 and

0 < A < 1, then the function is
called strictly convex on S.

Convex

0 T

3>
>

Figure 9: Difference between convex and non-convex function
‘f%?ﬂy‘rﬁ Convex functions 0 O 17
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Jensen’s inequality

i Theorem

Let f(x) be a convex function on a convex set X C R™ and let z; € X,1 <1 < m, be arbitrary points from
X. Then

m

f Z/\iwi SZ/\zf(CEz)
1 i=1

i=

for any A = [A1,..., Am] € Ay, - probability simplex.

Proof

1. First, note that the point 27;1 Aix; as a convex combination of points from the convex set X belongs to X.

‘f% 5“.}‘; Convex functions D0 O 18
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Jensen’s inequality

i Theorem

Let f(x) be a convex function on a convex set X C R™ and let z; € X,1 <1 < m, be arbitrary points from
X. Then

m

f Z/\iwi SZ/\zf(CEz)
1 i=1

for any A = [A1,..., Am] € Ay, - probability simplex.
Proof

1. First, note that the point 27;1 Aix; as a convex combination of points from the convex set X belongs to X.
2. We will prove this by induction. For m = 1, the statement is obviously true, and for m = 2, it follows from the
definition of a convex function.

‘f% 5“.}‘; Convex functions 0 O 18


https://fmin.xyz
https://hse24.fmin.xyz
https://github.com/MerkulovDaniil/hse24
https://t.me/fminxyz

Jensen’s inequality
3. Assume it is true for all m up to m = k, and we will prove it for m = k+ 1. Let A € Ak +1 and

k+1 k

T = E AT = E AiZi + Ae41%k41-
=1 =1

Assuming 0 < Arp+1 < 1, as otherwise, it reduces to previously considered cases, we have

T = Apt1Zr+1 + (1 — Aeg1)T,

where T = Zle viw; and 3 = —i— >0,1<i<k.

— min :
‘f Tz Convex functions
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Jensen’s inequality
3. Assume it is true for all m up to m = k, and we will prove it for m = k+ 1. Let A € Ak +1 and

k+1 k

T = E AT = E AiZi + Ae41%k41-
=1 =1

Assuming 0 < Arp+1 < 1, as otherwise, it reduces to previously considered cases, we have

T = Apt1Zr+1 + (1 — Aeg1)T,

where T = Zle ~iz; and y; = 1_;‘7’;1 >0,1<i<k.

4. Since X\ € Agy1, then v = [y1,...,7k] € Ag. Therefore T € X and by the convexity of f(z) and the induction
hypothesis:

k+1 k+1
f (Z Aﬂ?i) = Aer1@epr + (1= A1) @) < Aegr f(@r41) + (1= Aega) f(2) < Z/\z‘f(mi)

Thus, initial inequality is satisfied for m = k 4+ 1 as well.

— min :
‘f Tz Convex functions
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Examples of convex functions

.f(IL’):IIIp,p>1,JZER+

— min :
‘f Tz Convex functions

20
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Examples of convex functions

° f(IL’):JJp,p>1, $€R+
* f@) =], p> 1,z cR"

— min :
‘f Tz Convex functions

20
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Examples of convex functions

f(m):xp7 p>17 $€R+
f(@)=|z|I”, p> 1,2 €R"
flx)y=e€e", ceRxz eR

— min :
‘f Tz Convex functions

20
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Examples of convex functions

° flz)=aP, p>1, x € Ry
* f(@)=lz|”, p> 1,z €R"
° flz)=e", ceR,z€R
® f(x)=—Inz, z € R4y

— min :
‘f Tz Convex functions

20
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Examples of convex functions

fl@y=2P, p>1, z € Ry
f(@)=|=z||", p> 1,z €R"
flx)y=e€e", ceRxz eR
f(z)
f(z)

=—Inz, x € R4

— min :
‘f Tz Convex functions

20
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Examples of convex functions

fl@y=2P, p>1, z € Ry
f(@)=|=z||", p> 1,z €R"
flx)y=e€e", ceRxz eR
f(x)
f(z)

T

— min :
‘f Tz Convex functions

20
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Examples of convex functions

— min :
‘f Tz Convex functions

® f(z)=2aP, p>1, z €Ry

* (@)= 2|, p> Lo e R

® f(x)=e“, ceR,zeR

® f(x)=—Inz, z € R4y

® f(z)=zlnz, € Ryt

® The sum of the largest k coordinates f(z) = z(1) + ...
* f(X) = Amae(X), X = X7

+$(k), reR”

20
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Examples of convex functions

° flz)=aP, p>1, x € Ry

* f(z)=|z|”, p>1,2 €R"

® f(z)=e", ceR,z€R

® f(x)=—Inz, z € R4y

® f(z)=zlnz, € Ryt

® The sum of the largest k coordinates f(z) = z(1) + ... + zx), ¢ € R"
* f(X) = Amaa(X), X = X7

® f(X)=—logdet X, X € ST,

— min :
‘f Tz Convex functions

20
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Epigraph

For the function f(z), defined on S C R", the following
set:

epi f={[zr,u] € SxR: f(z) < pu} f(:l}) Epl f

is called epigraph of the function f(x).

i Convexity of the epigraph is the convexity of the
function

For a function f(z), defined on a convex set X, to
be convex on X, it is necessary and sufficient that
the epigraph of f is a convex set.

Figure 10: Epigraph of a function

— min :
‘f Tz Convex functions
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Convexity of the epigraph is the convexity of the function
1. Necessity: Assume f(z) is convex on X. Take any two arbitrary points [z1, 1] € epif and [z2, u2] € epif.
Also take 0 < A <1 and denote xx = Az1 + (1 — N)z2, ux = Apr + (1 — AN)pe. Then,

231 2 122N
From the convexity of the set X, it follows that xx € X. Moreover, since f(x) is a convex function,

f@x) < Af(@a) + (1= A)f(2) < Apa 4 (1= Apz = pa

T

Inequality above indicates that € epif. Thus, the epigraph of f is a convex set.
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Convexity of the epigraph is the convexity of the function
1. Necessity: Assume f(z) is convex on X. Take any two arbitrary points [z1, 1] € epif and [z2, u2] € epif.
Also take 0 < A <1 and denote xx = Az1 + (1 — N)z2, ux = Apr + (1 — AN)pe. Then,

231 2 122N
From the convexity of the set X, it follows that xx € X. Moreover, since f(x) is a convex function,

f@x) < Af(@a) + (1= A)f(2) < Apa 4 (1= Apz = pa

Inequality above indicates that

zk} € epif. Thus, the epigraph of f is a convex set.
A

2. Sufficiency: Assume the epigraph of f, epif, is a convex set. Then, from the membership of the points [z1, 1]
and [z2, 2] in the epigraph of f, it follows that

o =] e e

forany 0 < A <1, e, f(zx) < pr = A1 + (1 — N pe. But this is true for all 1 > f(z1) and o > f(x2),
g /- mparticularly when p; = f(z1) and p2 = f(x2). Hence we arrive at the inequality 00

nvex fun
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Sublevel set

For the function f(z), defined on S C R", the following
set:

Ly={zeS: f(z) <p}

is called sublevel set or Lebesgue set of the function f(x).

— min :
‘f Tz Convex functions

0 L3 x

Figure 11: Sublevel set of a function with respect to level 3
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Connection with epigraph

The function is convex if and only if its epigraph is a convex set.
i Example
Let a norm || - || be defined in the space U. Consider the set:

K :={(z,t) e U xRT : ||z|| < t}

which represents the epigraph of the function « — ||z||. This set is called the cone norm. According to the
statement above, the set K is convex.
In the case where U = R™ and ||z|| = ||z||2 (Euclidean norm), the abstract set K transitions into the set:

{(z,t) e R" x RT: lz]|2 <t}

‘f% fnﬂ Convex functions @0 O
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Connection with sublevel set

If f(x) - is a convex function defined on the convex set S C R", then for any (3 sublevel set Lz is convex.

The function f(z) defined on the convex set S C R" is closed if and only if for any 3 sublevel set Lz is closed.

‘f - §ny1r; Convex functions @0 O
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Reduction to a line

f:S — Ris convex if and only if S is a convex set and the function g(t) = f(z + tv) defined on {t | z + tv € S} is
convex for any = € S,v € R", which allows checking convexity of the scalar function to establish convexity of the
vector function.

‘fﬁ}fﬂ.}‘; Convex functions 0 O 26
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